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ABSTRACT: The self-assembly of heterogeneous mesoscale systems is mediated by
long-range interactions, including van der Waals forces. Diverse mesoscale
architectures, built of optically and morphologically anisotropic elements such as
DNA, collagen, single-walled carbon nanotubes, and inorganic materials, require a tool
to calculate the forces, torques, interaction energies, and Hamaker coeﬃcients that
govern assembly in such systems. The mesoscale Lifshitz theory of van der Waals
interactions can accurately describe solvent and temperature eﬀects, retardation, and
optically and morphologically anisotropic materials for cylindrical and planar
interaction geometries. The Gecko Hamaker open-science software implementation
of this theory enables new and sophisticated insights into the properties of important
organic/inorganic systems: interactions show an extended range of magnitudes and
retardation rates, DNA interactions show an imprint of base pair composition, certain
SWCNT interactions display retardation-dependent nonmonotonicity, and interactions
are mapped across a range of material systems in order to facilitate rational mesoscale
design.

1. INTRODUCTION
The understanding, design, and control of nanoscale and
mesoscale assembly presents a critical challenge across a range
of disciplines.1,2 Of particular interest for the nano-,3 soft-,4 and
biomatter communities5 are systems that are nanoscale in one
or two dimensions but macroscopic in the remaining
dimension(s),6 such as molecular wires and ribbons,7 singlewalled carbon nanotubes (SWCNTs),8 linear informational
macromolecules, ﬁbrous proteins, and molecular sheets
including graphene,9,10 surfactant monolayers, and biological
membranes.11 Universal in these systems are the long-range van
der Waals−London dispersion (vdW) interactions6,11 that arise
from dipolar ﬂuctuations within optically contrasting objects in
an intervening medium. Existing theoretical approaches and the
computational implementations of these interactions can be
partitioned into the macroscopic (Lifshitz theory)11 and
microscopic (few-atom) ab initio quantum chemical12 approaches.13−16 The microscopic approach is particularly useful
for atoms, molecules, and small clusters. The macroscopic
approach is preferred for well-separated systems, where the
collective response of the matter can be approximated by a
frequency-dependent anisotropic dielectric function with sharp
© 2015 American Chemical Society

spatial boundaries at a well-deﬁned separation, as is the case in
systems with at least one macroscopic dimension. Under this
condition, the vdW interaction free energy is a functional of the
dielectric response ε(iξ) at discrete thermal (Matsubara)
frequencies on the imaginary frequency axis iξ, which is itself
a functional of the imaginary part of the dielectric response
function ε″(ω) calculated via the Kramers−Kronig relations.17,18 We have formulated a complete Lifshitz theory of
vdW interactions based on the idealized planar17,19,20 or
cylindrical morphology. This facilitates the calculation of vdW
interaction strengths for that interaction geometry, including
the optical anisotropy of interacting materials, and accounts for
retardation eﬀects which arise from the ﬁnite propagation
velocity of electromagnetic disturbances, the deﬁning feature of
the vdW interaction’s separation dependence beyond the 10−
100 nm regime. The eﬀect of the solvent and its own optical
dispersion can strongly inﬂuence interactions, even making
them nonmonotonic with attractive and repulsive separation
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Figure 1. Schematic illustration of the Gecko Hamaker workﬂow using a large-radius (24,24,s) SWCNT and type I collagen in aqueous solvent as
examples. Full spectral optical properties (upper left) are taken as input, experimentally measured using optical or electron energy-loss spectroscopy,
or calculated using ab initio methods. An interaction geometry (lower left) is then chosen, consisting of optically anisotropic cylinders, optically
anisotropic half-spaces, multilayered half-spaces, or graded-interface half-spaces. Speciﬁc optical properties from the spectral database are then
(2)
applied to each element in the conﬁguration. The outputs are the isotropic part A(0)
1w3 (upper right, bold) and the anisotropic part A1w3 of the
Hamaker coeﬃcients if applicable (upper right, dotted), as well as torques, normal forces, and thermodynamic interaction free energies (lower right).
All quantities are given as functions of surface-to-surface separation l for a user-speciﬁed skew angle θ (for anisotropic systems) and radii R1 and R2
(for cylinders).

regimes.15 Optical input spectra may be obtained from
disparate methods, such as ab initio calculations or spectroscopic measurements.17
This formulation vastly improves upon previous isotropic17
and nonretarded8 results. We apply it to a range of
technologically promising cylindrical materials, including
metallic and semiconducting SWCNTs,8,21−24 multiple composites of DNA,25−27 collagen,28 polystyrene,29 and inorganic
materials. Our results are presented as Hamaker coeﬃcients,
forces, and torques30 for a wide range of symmetric (identical
materials interacting across an isotropic medium) and
asymmetric (diﬀerent materials interacting across an isotropic
medium) interaction geometries in aqueous media. We
emphasize systems of general scientiﬁc interest, such as
organic-silica and DNA interactions, or those that exhibit
highly anomalous behavior, such as certain SWCNT
interactions. This detailed formulation of the Lifshitz theory
is implemented in the Gecko Hamaker open-source software
project31 and its optical property database (Figure 1). Gecko
Hamaker provides a powerful open-science tool for the
calculation of vdW interactions and serves the broader scientiﬁc
community as a versatile assembly thermodynamics and
mesoscale dynamics design tool whose applications are
augmented by an ever-expanding range of materials spectra
and interaction geometries. We demonstrate the versatility of

Gecko Hamaker as a design tool for the exploration and
discovery of novel features of long-range vdW interactions. We
demonstrate the capabilities of Gecko Hamaker to calculate
vdW interactions using a range of optically anisotropic cylinder
examples.

2. EXPERIMENTAL SECTION
2.1. Lifshitz Theory. From measured absorption spectra and/or ab
initio electronic structure calcluations, we obtain the complex dielectric
function ε(ω) = ε′(ω) + iε″(ω), where the imaginary part
corresponds to energy dissipation in the material and via the
Kramers−Kronig transform yields the London dispersion spectrum
ε(iξn), describing the spontaneous ﬁeld ﬂuctuations at the origin of the
vdW force. In the Lifshitz theory the vdW interaction is a functional of
ε(iξn), evaluated at the discrete thermal Matsubara frequencies ξn =
2πnkBT/ℏ (n = 0, 1, ...), where kB is the Boltzmann constant. At room
temperature, Matsubara frequencies are multiples of 2.4 × 1014 Hz or
0.025 eV.
To calculate the interaction between pairs of anisotropic cylinders
of materials 1 and 3, we modify the simple case of two uniaxially
anisotropic planar half-spaces acting across an isotropic medium19 by
imagining the material to be composed of arrays of parallel cylinders
with diﬀerent anisotropic polarizabilities8,32 and then extracting the
pair interaction between uniaxial anisotropic cylinders of radii R1 and
R3 via the Pitaevskii method.11 The intervening space between the two
arrays and the space between cylinders is assumed to be ﬁlled with an
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optically isotropic aqueous solvent of εm(iξ) described by a singleDebye and multiple-Lorentz oscillator model.11
For ε∥1,3(iξ), the dielectric response parallel to the longitudinal axis
of the cylinder, and ε⊥1,3(iξ), the dielectric response perpendicular to
the longitudinal axis of the cylinder, we can deﬁne the relative
anisotropy measures Δ∥1,3(iξ) and Δ⊥1,3(iξ) as
1,3

Δ (iξ) =

ε 1,3(iξ) − εm(iξ)
εm(iξ)

,

Δ1,3
⊥

ε1,3(iξ) − ε(iξ)
= ⊥1,3
ε⊥ (iξ) + ε(iξ)

(2)
( l) =
A1m3

(0)
(2)
(A1m3
(l) + A1m3
(l) cos 2θ)

(2)

where the inverse sinθ dependence stems from the shape
(morphological) anisotropy and the cos2θ dependence stems from
the material anisotropy. For both symmetric and asymmetric systems
with cylindrical morphology, Hamaker coeﬃcients A(0) and A(2) are
functions of separation l (Figure 1) and the ratio of relative anisotropy
measures a1,3(iξn), which depend on the material types and sampling
frequencies
a1,3(iξ) =

2Δ1,3
⊥ (iξ)
1,3
Δ (iξ)

(3)

Both Hamaker coeﬃcients are deﬁned through a summation over the
Matsubara frequencies ξn:
(0)
A1m3
(l) =

kBT
32

∞

∑ ′Δ1,||Δ3,||pn4 (l) ∫
n=0

2

∞

t dt

0

g (0)
̃ (t , a1(iξn), a3(iξn))

(5)

The dimensionless factor p2n(l) = εm(iξn)ξ2nl2/c2, which depends on the
ratio of the travel time of light, l/c, across the intervening separation
and the ﬂuctuation lifetime, 1/ξn, captures the separation dependence
and retardation due to the ﬁnite speed of light. For the zero-frequency
Matsubara term, the lifetime of the ﬂuctuations is suﬃciently long not
to be aﬀected by retardation.
Alternative methods for evaluating the strength of vdW interactions
also exist and are robust under certain conditions. Density functional
theory (DFT)-based methods12,34 are standardly useful for atoms and
small clusters, but they usually become unwieldy for systems with large
numbers of electrons. However, recent advances based on ﬂuctuating
dipoles that capture both intra- and intermolecular collective
ﬂuctuations35,36 are indeed also applicable to larger systems.
Nevertheless, it is important to appreciate that the solvent eﬀect,
speciﬁcally the eﬀect of the aqueous solvent, is crucial to many
applications of vdW interactions in soft- and biomatter contexts. While
the solvent eﬀects and the related large contribution of the zerofrequency Matsubara (classical) term to the total vdW interactions
both enter the Lifshitz theory “naturally” and on the same level as the
ﬂuctuation response of the interacting matter,18 it might be quite
diﬃcult to implement them by more microscopic methods. This is the
main reason that the Lifshitz theory retains its relevance in particular
for soft matter- and biomatter-related problems.
For larger objects or equivalently small separations, the proximity
force approximation (PFA), also referred to as the Derjaguin
approximation,15,37,38 can accurately describe objects such as colloids
on the order of micrometers in radius, provided the separation
between the objects is much smaller than the characteristic dimensions
of the objects. However, this regime is of limited applicability for
nanoscale objects where the necessary object separations would be
subangstrom. The mesoscale Lifshitz theory described here in its largeseparation regime is valid for mesoscale objects with separations on the
nanometer scale, making it well-suited for describing realistic nanoand mesoscale interactions.
The Lifshitz theory is based on the dielectric response function and
can be formulated for all the cases where this response function
exists.11 It is valid for the macroscale, mesoscale, and microscale: in
fact, even the atomic pair potentials clearly follow from the application
of the Pitaevskii ansatz to the general Lifshitz formula for the
interaction between macroscopic bodies.33 On this level, the question
of collective ﬂuctuations for interacting many-body aggregates enters
the Lifshitz theory solely through the dielectric response function and
can be fully analyzed on that level. The calculation of the latter is
therefore technically not a part of the Lifshitz theory per se but has to
be imported from a separate full many-body theory of the dispersion
spectra. The clear decomposition into the calculation of the spectral
properties and the consequent long-range vdW interaction is the
principal feature of the Lifshitz theory. Thus, it is not the Lifshitz
theory itself that needs to be compared or counterposed to other more
microscopic theories of vdW interactions but the methodology of
getting the appropriate dielectric response functions (dispersion
spectra). If the full many-body dielectric response function were
known in its entire time and space domain, then the Lifshitz theory
would in principle be able to provide a complete and consistent
description of the vdW interactions.
2.2. Gecko Hamaker. Recent advances in the theory of vdW
interactions have facilitated the implementation of an open-source,
open-data design tool that facilitates an understanding and prediction
of the magnitude and properties of vdW interactions in a wide variety
of contexts. The Gecko Hamaker open-source software project is a full
implementation of the mesoscale classical Lifshitz theory for isotropic
and anisotropic planar multilayer,17 sharp, or graded interfaces for

(1)

As the separation between the bodies decreases, they feel mutual
torques that favor the alignment of the principal axes. The free energy
has a periodic dependence on the mutual angle, but the limit as θ → 0
has to be considered carefully as in the parallel conﬁguration the free
energy scales with the length of the cylinders.32
The free energy of the vdW interactions between two skewed
cylinders is then obtained as

2πl 4 sin θ

e−2pn (l) t + 1
t2 + 1

g (2)
̃ (t , a1, a3 , θ) = (1 − a1)(1 − a3)(t 2 + 2)2

dG(l , θ)
dl

(πR12)(πR32)

0

t dt

with

dG(l , θ )
dθ

G1m3(l , θ ) = −

n=0

2

∞

g ̃ (t , a1(iξn), a3(iξn), θ)

as well as attractions or repulsions in the normal force

F=−

∞

∑ ′Δ1,||Δ3,||pn4 (l) ∫

(2)

The vdW interaction free energy between two semi-inﬁnite anisotropic
uniaxial dielectric layers across a ﬁnite layer of thickness l was worked
out in the nonretarded limit11 and the fully retarded limit19 as a
function of their separation l and the angle between their principal
dielectric anisotropy axes θ: G(l, θ). It then follows that the interaction
free energy between two cylinders, G(l, θ), whose axes are contained
within the two parallel boundaries at a separation l but skewed at an
angle θ is given by the second derivative d2G(l, θ)/dl2 expanded to
second order in the density of the two cylindrical arrays.11 Note that
such an expansion is possible only if the dielectric response at all
frequencies is bounded so that in the case of materials with free
charges one needs to model them explicitly.33 vdW interactions
between optically anisotropic cylinders acting across an isotropic
medium create torques, given by

τ=−

kBT
32

e−2pn (l) t + 1
t2 + 1

(4)

with
g (0)
̃ (t , a1, a3) = 2[(1 + 3a1)(1 + 3a3)t 4 + 2(1 + 2a1 + 2a3 + 3a1a3)
t 2 + 2(1 + a1)(1 + a3)]

and
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modeling grain boundaries39 and cylinder−cylinder32 interaction
geometry with an intervening dielectric medium, accompanied by an
extensive database of material optical properties spectra. The machinereadable optical properties database is available either by download or
as a web service and makes available the full spectral properties of over
100 materials from both ab initio calculations8,40 and experiments,6,39,41 including inorganic as well as organic materials such as
type I collagen and (GC)10 duplex DNA spectra.40,42 The optical
properties included in the database may be applied to both macro- and
nanoscale objects that are macroscopic in at least one dimension such
as cylinders and sheets. It is critical to note that the objects described
in Gecko Hamaker are macroscopic in at least one dimension and
furthermore that nanoscale-sized probes have in certain cases39 been
used to directly measure nanoscale optical properties, producing
consistent results as inputs to the classical mesoscale Lifshitz theory.
The Gecko Hamaker software and its source code are distributed freely
on Sourceforge31 under the GNU general public license (gnu.org).
This open-science architecture is at the forefront of a growing trend,
with both the U.S. government43,44 and the G8 nations45 emphasizing
data sharing for advancing the dialogue of scientiﬁc discovery. Existing
programs such as Scuff-EM46 provide useful and versatile implementations for the Casimir community6 based on user-speciﬁed geometries
at zero temperature and optically isotropic systems in vacuum. Gecko
Hamaker uses predeﬁned geometries but allows for the calculation of
temperature dependence, optical anisotropy, and variable media and
provides both an existing database of material properties and a
graphical user interface to increase its accessibility even to nonspecialists. By making the Gecko Hamaker open data science tool with
its spectra database freely available, we increase the opportunities for
collaboration between researchers focused on long-range interactions
and mesoscale design engineers in energy materials, geology,
chemistry, physics, and biology.

frequency (static) Matsubara term completely screened,11
assuming that the free charge carrier (salt ion) concentration
in the bathing medium is suﬃciently high that the zero(2)
frequency Matsubara contribution to A(0)
123 and A123 vanishes
(Experimental Section). This condition is met at separations of
1 nm or greater, whenever the ion concentration in the
intervening medium is greater than ∼1020 cm−3, equivalent to a
univalent ion solution concentration of ∼50 mM. This is a
reasonable assumption for a wide range of realistic conditions,
including the commonly used buﬀers in biological samples. The
unscreened zero-frequency Matsubara term may be large in
certain systems, especially those with high optical anisotropy at
low frequencies, e.g., all systems involving an aqueous medium
but also metallic SWCNTs, where the chiral indices8 (n, m) are
such that (n − m)/3 = integer. For amorphous SiO2, the zerofrequency contribution to A(0)
1w1 is 2.15 zJ; by comparison, for
the (5,2,m) metallic SWCNT it is 50.5 zJ. This screening eﬀect
may be most signiﬁcant for materials with a small dielectric
contrast at all energies. For these materials, screening out the
relatively large zero-frequency contribution can result in a large
change in the free energy as well as increase the weighting of
contributions from medium and high energies. Here we observe
that the static contribution for the (5,2,m) SWCNT, while
large, accounts for only 4.4% of the interaction strength in that
system; for aSiO2, the zero-frequency term accounts for 24.8%
of the interaction strength. For idealized metallic systems in
vacuo, without any screening of the zero-frequency term, the
low-temperature vdW interactions would converge to Casimir
forces,13 a case we do not analyze here.15 Wherever the
isotropic and anisotropic Hamaker coeﬃcients are discussed as
single values, the surface-to-surface separation between
idealized cylinders is taken to be 5 nm. At this spacing,
retardation can have a noticeable eﬀect on the high energy
contributions to the summation terms of the Hamaker
coeﬃcients, but the low-energy contributions tend to remain
unaﬀected.
(2)
3.1. Range of Magnitudes. The A(0)
1w1(l) and the A1w1(l)
Hamaker coeﬃcients for cylindrical bodies may take on a wide
range of values in symmetric systems (denoted 1w1), where
both cylinders consist of the same material (Figure 2). The
largest A(0)
1w1(l) value seen are for metallic SWCNTs, including

3. RESULTS AND DISCUSSION
Van der Waals interaction properties between diﬀerent optically
anisotropic materials in cylindrical interaction geometry are
presented as Hamaker coeﬀcients, normal force, and torque
(Experimental Section). The anisotropic dielectric response of
the materials involved introduces two distinct Hamaker
coeﬃcients: the isotropic part, A(0)
123, and the anisotropic part,
A(2)
123. Apart from the anisotropy of the dielectric response, the
interaction free energy also contains the eﬀects of anisotropic
morphology and interaction geometry.
Within the Lifshitz formalism, the interaction free energy
depends on the London dispersion spectrum ε(iξn), discretely
sampled at thermal Matsubara frequencies ξn, obtained from
the Kramers−Kronig transform of ε″(ω). The latter is an input
function and can be acquired by a variety of experimental and
theoretical methods.17 The Gecko Hamaker software platform
already contains an extensive spectral database. We speciﬁcally
used a combination of experimental data ﬁts (for water)11 and
the ab initio orthogonalized linear combination of atomic
orbital (OLCAO) method, explained elsewhere,35 to calculate
the electronic structure and optical properties of interacting
materials. Hamaker coeﬃcients obtained by the ab initio optical
spectra for a material may sometimes diﬀer from those
calculated from an experimental spectrum of the same material.
Optical contrast at diﬀerent energies contributes nonuniformly
to the strength of the vdW interaction;18 as such, the bandgap
underestimation that results from the local density approximation of density functional theory calculations42 tends to
skew the Hamaker coeﬃcients. The details of this eﬀect and
strategies for its mitigation are a topic of ongoing research.18
Apart from this caveat, it is nevertheless interesting to compare
trending behavior across diﬀerent methods. All interactions are
evaluated in an aqueous medium (denoted by w) with the zero-

Figure 2. Range of magnitudes for symmetric conﬁguration A(0)
1w1
isotropic (solid lines) and anisotropic A(2)
1w1 (dotted lines) cylindrical
Hamaker coeﬃcients for the fully retarded formulation, with the zerofrequency contribution screened in the intervening aqueous medium.
10148

DOI: 10.1021/acs.langmuir.5b00106
Langmuir 2015, 31, 10145−10153

Article

Langmuir

coeﬃcients as a function of separation, as observed previously
in other systems.32,47
3.3. Angular Dependence. The vdW interaction free
energy depends on the mutual angle between interacting
cylinders in two ways (Experimental Section): the anisotropic
shape of the cylinders and the anisotropic dielectric response of
the cylinder material. Because of the extreme anisotropy of the
cylindrical shape, the interaction free energy shows an overall
1/sin(θ) dependence on the mutual orientation of their axes as
they rotate from an aligned to a perpendicular conﬁguration. In
addition, anisotropies in material dielectric responses lead to
two Hamaker coeﬀcients, A(0) and A(2), with the second one
weighted by a cos(2θ) angular dependence. In general, the
magnitude of A(0) is much larger than that of A(2), so A(0)
dominates the angular dependence and sign of the free energy
and torque. The anisotropic Hamaker coeﬃcient A(2)
1w1 for
cylindrical morphology, which describes the dependence of the
Hamaker coeﬃcient on the skew angle θ between the cylinders,
shows an unusual nonmonotonic dependence on separation
(Figures 2 and 3). Unlike A(0)
1w1, which in general tends to
decrease monotonically, A(2)
1w1 exhibits a pronounced local
maximum at separations ranging from a few nanometers to a
few hundred nanometers, suggesting that vdW interactions in
some systems may have a more pronounced angular dependence within a certain regime of separations. In general, A(0)
1w1 has
a complex dependence on the optical (parallel and
perpendicular response) anisotropy in the system. The
nonmonotonic retardation eﬀect is seen even in materials
with no optical anisotropy, e.g., aSiO2, indicating the geometric
anisotropy as its primary source; the magnitude of the eﬀect
and the position of the maximum of the anisotropic Hamaker
coeﬃcient are nonetheless modiﬁed by the particular nature of
the material’s optical properties and optical anisotropy. As with
(2)
the A(0)
1w1, A1w1 also varies drastically for diﬀerent materials, with
a strong correlation with the degree of optical anisotropy in the
material. (AT)10 DNA has an A(2)
1w1 that is eﬀectively zero, even
at small separations, indicating that the contribution of optical
anisotropy may be quite small in such systems. Conversely,
metallic SWCNTs have a large optical anisotropy and
subsequently exhibit anomalously high A(2)
1w1 values, as large as
33.6 zJ for (5,2,m) SWCNTs (Figure 3). Even the (24,24,s)
SWCNT, which has a relatively modest value of A(0)
1w1 at small
separations, has an A(2)
1w1 that is an order of magnitude larger
than for less-anisotropic materials with comparable A(0)
1w1 values
(Figure 3).
3.4. Asymmetric Systems. Understanding the interactions
in asymmetric systems, where materials 1 and 3 diﬀer, is
paramount for mesoscale system design. A particularly relevant
case for applications in sensors48 and nanobio interfaces5 is the
vdW interaction of biomaterials with silica nanorods (Figure 4).
Silica’s interaction with collagen results in a Hamaker
coeﬃcient that is 39% larger than that of the silica−(GC)10
DNA interaction at 5 nm separation. However, both
interactions are strongly diminished by retardation eﬀects
compared to the silica-(24,24,s) SWCNT interaction. This
phenomenon is tied to the details of the particular optical
spectra that in turn govern the details of the retardation
screening. The values of A(2)
1w1(l) clearly exhibit a more complex
nonmonotonicity than that observed in symmetric systems; this
eﬀect is discussed in detail below. In some cases (not shown
here), the dielectric responses of materials allow for a repulsive
interaction, i.e., a negative Hamaker coeﬃcient.32,47 Consequently, this implies that torques also have a sign opposite to

the chiralities (5,2,m) and (9,3,m). Hamaker coeﬃcients for
SWCNTs are consistent with those published previously,8 and
(5,2,m), because of its high optical anisotropy, exhibits an
A(0)
1w1(l) value an order of magnitude larger than any other
material studied here. Inorganic ceramics such as Al2O3 and
AlPO4 but also ﬁbrous proteins such as type I collagen tend to
exhibit substantial Hamaker coeﬃcients. In general, materials
with a lower optical contrast with water tend to exhibit smaller
Hamaker coeﬃcients, as observed for DNA, large-radius
SWCNTs such as(24,24,s), aSiO2, and polystyrene (Figure
3). While Hamaker coeﬃcients for various types of DNA

Figure 3. Symmetric conﬁguration isotropic A(0)
1w1 (solid lines) and
anisotropic A(2)
1w1 (dotted lines) Hamaker coeﬃcients for cylindrical
morphology in the fully retarded formulation with a screened zerofrequency contribution in the case of an intervening aqueous medium.
All materials here, including all biomaterials included in this study,
have A(0)
1w1 < 10 zJ.

molecules are comparatively smaller, they do depend on the
base-pair sequence details and could control the ﬁner details of
the equilibrium assembly structure.
3.2. Retardation Eﬀects. The eﬀect of retardation is seen
in the rate of change of A(0)
1w1(l) with separation. It is strongly
material-dependent and is due to the ﬁnite speed of light across
the intervening medium, dephasing the correlated ﬂuuctuations
with small lifetimes, i.e., high frequencies. The high-frequency
contributions to the optical contrast in a system vary with the
particular London dispersion spectrum ε(iξ) for each material.11 If the vdW interaction within a particular system results
primarily from high-frequency contributions, such a system will
exhibit a faster rate of retardation than a system where the
interaction results from lower-frequency optical contrast. The
(24,24,s) SWCNT (Figure 3, black) does not have a
particularly large A(0)
1w1(l) at small separations, but it exhibits
little retardation. Thus, its Hamaker coeﬀcient for ∼50 nm
becomes by far the largest in this set. The majority of its optical
contrast with water occurs at low frequencies; it is thus
relatively impervious to retardation (optical properties inset,
Figure 1). In contrast, type I collagen (Figure 3, blue) has its
optical contrast with water spread out over a wide range of
frequencies, including a signiﬁcant contribution from highenergy Matsubara frequencies. Because of this, it exhibits
dramatic retardation because these frequencies rapidly dephase
with increasing separation. Under certain conditions, the eﬀects
of retardation can lead to a change of sign in the Hamaker
10149
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(0)
(2)
Figure 4. Asymmetric conﬁguration A1w3
(solid lines) and A1w3
(dotted lines) cylindrical Hamaker coeﬃcients for the interaction of
silica nanorods with biological materials in the fully retarded
formulation with a screened zero-frequency contribution for an
intervening aqueous medium.

Figure 5. Asymmetric conﬁguration A(0)
1w3 (solid lines) and anisotropic
A(2)
1w3 (dotted lines) cylindrical Hamaker coeﬃcients for the interaction
of silica nanorods with biological materials in the fully retarded
formulation with a screened zero-frequency contribution in the case of
an intervening aqueous medium.

that of attractive interaction cases. If for illustration purposes
we compare the symmetric system (9,3,m)-Al2O3-(9,3,m) with
asymmetric system (9,3,m)-Al2O3-GC(10), we see that indeed
the torque as well as the force change sign. This means that in
the ﬁrst case the two cylinders would tend to align whereas in
the second case they will tend to assume a perpendicular
conﬁguration.
3.5. Nonmonotonicity. Nonmonotonic Hamaker coefﬁcients may be observed in asymmetric systems.
When the dielectric functions in a planar system change in a
stepwise manner, i.e., ε1(iξ) > εw(iξ) > ε3(iξ), the contribution
at those Matsubara frequencies iξ where the stepwise condition
is met adds a repulsive element to the overall vdW interaction.
This can lead to a range of eﬀects including nonmonotonic
values of A(0)
1w3, leading to a minimum in the interaction energy
or even overall net repulsive interactions.47 In cylindrical
systems with anisotropic dielectric responses, however, this
condition is signiﬁcantly more complicated because of the
intertwined morphological and optical anisotropy of the
cylinders, the latter a consequence of diﬀerent axial and radial
components of the dielectric responses.32 Nevertheless, similar
eﬀects on the sign of the force may be observed as well as on
the sign of torque. The Hamaker coeﬃcients for a (24,24,s)
SWCNT interacting with a range of diﬀerent materials (Figure
5) show a nonmonotonic dependence on spacing l for all
asymmetric systems shown here, wherein A(0)
1w3 ﬁrst rises before
falling again. This complex dependence may be readily
explained by observing the nature of the optical contrast in
the system. For the ((24,24,s)|w|collagen) system, the optical
properties ε(iξ) (Figure 1, optical properties inset) show a clear
stepwise nature at energies above 10 eV, leading to repulsive
contributions from the high-energy Matsubara frequencies. As
these energies are gradually screened out by retardation, they
no longer contribute repulsive terms to the interaction, leading
to a net increase in A(0)
1w3. At suﬃciently large spacings, even the
attractive low-energy contributions are damped by retardation,
implying a decrease in A(0)
1w3 as spacing tends towards inﬁnity.
The asymmetric Hamaker coeﬃcients, though small, show an
even more complex dependence on the separation, with A(2)
1w3
showing the same small-separation local maximum, followed by

another gradual rise at larger separations. Under certain
circumstances, including the (24,24,s)|w|(Al2O3) system
(green), A(2)
1w3 shows a negative-to-positive transition, indicating
that increasing alignment between the nanotubes may either
increase or decrease the interaction strength depending on the
cylinder−cylinder separation. This eﬀect has never been
observed or discussed in other systems and would not be
predicted by more simplistic approaches to vdW interactions
that ignore either optical anisotropy or retardation eﬀects.
3.6. Hamaker Coeﬃcient Data Mining. The true
versatility of the Gecko Hamaker software platform implementing the Lifshitz theory of vdW interactions is particularly
evident when considering systems with a wide range of
materials with disparate optical properties. Instead of
calculating the interaction characteristics of a single material
pair, the software facilitates the exploration of arrays of systems
to seek out the desired properties in order to guide material
selection and conﬁguration (Figure 6). A number of trends are
immediately discernible. Torques and normal forces, which
depend on both Hamaker coeﬃcients, show a strong
dependence on the cylinder radius as well as on the details of
the spectral properties of the interacting materials (Figure 6,
inset). This is evident in the case of interactions involving the
(24,24,s) SWCNT that show large torques and normal forces in
spite of their modest Hamaker coeﬃcients, whereas small(2)
radius SWCNTs exhibit large values of A(0)
1w3 and A1w3 but
smaller torques. Nevertheless, in all systems investigated there
exists a strong normal force and a modest but always present
torque seeking to align the cylinders. Al2O3 interactions with
other inorganics tend to have disproportionately large torques
despite their relatively modest Hamaker coeﬃcients and radii.
Through data mining the Hamaker coeﬃcients, the full power
of Gecko Hamaker as a cross-system design platform comes to
the forefront: by analyzing across many diﬀerent materials, one
may seek the interaction properties that are desired and
subsequently will be inspired to use materials that had not been
previously considered. Despite the power and versatility of the
Gecko Hamaker software platform, user interpretation of the
results is paramount. Hamaker coeﬃcients express the materialdependent nuances of the vdW interaction, but they are not
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Figure 6. Pairs plot of symmetric and asymmetric interactions of anisotropic cylinders across an aqueous medium. The Hamaker coeﬃcients, A(0)
1w3
and A(2)
1w3, and the forces and torques at a skew angle of 45°, at l = 5 nm separation are shown for interactions between a wide array of diﬀerent
materials, including biological materials, canonical inorganic materials, and SWCNTs. Cells are shaded according to interaction energy magnitudes.
Torques and forces are calculated using commonly accepted literature values for radii of SWCNTs and biomaterials and a 1 nm radius for all other
(2)
materials. The asterisk indicates that the color scale for A(0)
1w3 saturates at 121 zJ for clarity and for A1w3 saturates at 3.0 zJ, with negative values shaded
according to their absolute value.

contributions to the optical mismatch in a given system and are
responsible for a wide array of interesting and unexpected
eﬀects. In addition, asymmetric systems may exhibit nonmonotonic Hamaker coeﬃcients, with distinct characteristics
leading to novel and controllable design paradigms. What is
important is the interconnectedness of all of these eﬀects that
precludes simple approximation schemes that focus on one or
the other but misses the important links between them. The
present mesoscale formulation of the classical Lifshitz theory of
vdW interactions, taking fully into account the retardation as
well as the anisotropy of interacting materials, constitutes a
signiﬁcant advance in accuracy and predictive power for the
computation of vdW interactions compared to previous
implementations of nonretarded, isotropic solutions. Furthermore, the calculations accessible via the Gecko Hamaker openscience software tool may provide useful guidance to
application engineers in streamlining the process of calculating
appropriate Hamaker coeﬃcients, eliminating the need for
rough and misleading approximations, and making available
optical properties of a wide variety of functional materials. This
will allow a detailed investigation of the long-range interactions
between materials and the design of speciﬁc model systems.

equivalent to the interaction free energy itself, which has a
separate dependence on cylinder radii, skew angle, and
separation of its own. Eﬀects such as retardation are therefore
superimposed on these trends in the separation dependence of
(2)
(2)
A(0)
1w3 and A1w3. As such, even when A1w3 increases with
separation, the net free energy of interaction may nonetheless
monotonically decrease. It is important that these features of
the Hamaker coeﬃcients be properly interpreted and used for
each particular application.

4. CONCLUSIONS
The mesoscale Lifshitz theory of vdW interactions has reached
a level of reﬁnement where it allows consistent and complete
inclusion of solvent and temperature eﬀects, retardation, optical
anisotropy, morphology of interacting bodies, and geometry of
interaction. In the limit of inﬁnite area planar and inﬁnitely long
cylinder interaction geometries, it yields a full numerical
implementation encoded in the Gecko Hamaker open-science
software tool. The Gecko Hamaker software tool integrates a
web service for the distribution of detailed optical properties of
a broad range of heterogeneous functional materials from the
spectral database and the newly implemented analytical
solutions to the Lifshitz theory for a range of isotropic and
anisotropic system conﬁgurations, yielding Hamaker coeﬃcients along with torques, forces, and free energies (Figure 1).
The calculated Hamaker coeﬃcients for cylindrical interaction
geometry may vary by a few orders of magnitude, depending on
the materials involved in the systems, with inorganic materials
generally having larger Hamaker coeﬃcients and biomolecular
materials exhibiting smaller ones. The angular dependence of
the vdW interaction, depending directly on the shape
anisotropy and indirectly on the optical property anisotropy
through the anisotropic part of the Hamaker coeﬃcient, also
(2)
varies signiﬁcantly between materials. Both A(0)
1w3 and A1w3 in
fact exhibit dramatic and nonmonotonic retardation eﬀects,
which vary signiﬁcantly depending on the high-frequency
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