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Abstract—The ability of classification systems to adjust their
performance (sensitivity/specificity) is essential for tasks in which
certain errors are more significant than others. For example, mislabeling cancerous lesions as benign is typically more detrimental
than mislabeling benign lesions as cancerous. Unfortunately,
methods for modifying the performance of Markov random field
(MRF) based classifiers are noticeably absent from the literature, and thus most such systems restrict their performance to
a single, static operating point (a paired sensitivity/specificity).
To address this deficiency we present weighted maximum posterior marginals (WMPM) estimation, an extension of maximum
posterior marginals (MPM) estimation. Whereas the MPM cost
function penalizes each error equally, the WMPM cost function
allows misclassifications associated with certain classes to be
weighted more heavily than others. This creates a preference for
specific classes, and consequently a means for adjusting classifier
performance. Realizing WMPM estimation (like MPM estimation) requires estimates of the posterior marginal distributions.
The most prevalent means for estimating these—proposed by
Marroquin et al.—utilizes a Markov chain Monte Carlo (MCMC)
method. Though Marroquin’s method (M-MCMC) yields estimates that are sufficiently accurate for MPM estimation, they are
inadequate for WMPM. To more accurately estimate the posterior
marginals we present an equally simple, but more effective extension of the MCMC method (E-MCMC). Assuming an identical
number of iterations, E-MCMC as compared to M-MCMC yields
estimates with higher fidelity, thereby 1) allowing a far greater
number and diversity of operating points and 2) improving overall
classifier performance. To illustrate the utility of WMPM and
compare the efficacies of M-MCMC and E-MCMC, we integrate
them into our MRF-based classification system for detecting
cancerous glands in (whole-mount or quarter) histological sections
of the prostate.
Index Terms—Histology, Markov Chain Monte Carlo, Markov
random fields, maximum posterior marginals, prostate cancer,
Rao-Blackwellized estimator.
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I. INTRODUCTION
ANY estimation tasks require classification systems capable of modeling the inherent dependencies among objects (sites). In the context of medical imaging, these objects, for
example, could be calcifications in a mammogram or the pixels
of a magnetic resonance (MR) image [1]. Within a Bayesian
framework each site is a random variable, and the collection of
these random variables (under minor assumptions) is a Markov
random field (MRF) [2]. Because of their ability to model statistical dependencies among variables, MRFs have proven invaluable in a variety of computer vision and image processing tasks
such as segmentation [3]–[8], denoising [9], [10], and texture
synthesis [11], [12]. In [13] and [14] we used probabilistic pairwise Markov models (PPMMs), a novel type of Markov model,
to detect cancer on MR images and digitized histological sections of the prostate. PPMMs formulate Markov priors in terms
of probability densities, instead of the typical potential functions, facilitating the creation of more sophisticated priors.
In addition to modeling inter-variable dependencies, classifiers often require the ability to adjust their performance (i.e.,
sensitivity/specificity) with respect to specific classes. This
ability is essential for tasks in which certain types of errors
are more significant than others. Such tasks are particularly
pervasive in medical imaging. For example, in the context of
mammography, mislabeling cancerous lesions as benign is
typically more detrimental than mislabeling benign lesions as
cancerous; consequently, commercial computer-aided detection systems for identifying mammographic abnormalities are
typically adjusted to the highest detection sensitivity that incurs
no more than one false positive per image [15], [16].
For univariate Bayesian systems—or multivariate systems
with statistically independent variables—the methodology
for modifying classifier performance is well-established [17]:
appropriately weight (scale) the a posteriori probability associated with each class, and then select the class with the greatest
weighted probability. In the two-class case this reduces to
the familiar thresholding. Unfortunately, analogous methods
compatible with random fields are noticeably absent from
the literature. Consequently, most MRF-based classification
systems restrict their performance to a single, static operating
point (i.e., a paired sensitivity/specificity).
To address this deficiency we present weighted maximum
posterior marginals (WMPM) estimation, an extension of
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maximum posterior marginals (MPM) estimation [18] that
provides a means for adjusting classifier performance. Marroquin et al. [18] introduced MPM as an alternative to maximum
a posteriori (MAP) estimation [2] because of its superior
performance in the presence of high noise [18], [19]. Like all
Bayesian schemes, the MPM estimation criterion is derived by
minimizing the expected value of a specified cost function. The
MPM cost function counts the total number of misclassifications, penalizing each error equally. In this work we generalize
the MPM cost function, allowing misclassifications of certain
classes to be weighted more heavily than others. This creates
a natural preference for specific classes, and consequently a
means for adjusting classifier performance.
Performing WMPM estimation (like MPM estimation)
requires estimates of the so-called posterior marginal distributions. The most prevalent means for estimating them—proposed by Marroquin et al. [18] and recently employed in
[19]–[21]—utilizes a Markov chain Monte Carlo (MCMC)
method. Marroquin’s method, which we will henceforth refer
to as M-MCMC, employs the Metropolis–Hastings algorithm
[22], [23] (or a specific instance such as the Gibbs Sampler
[2]) to construct a Markov chain of the MRF that converges to
a prescribed probability distribution. Using samples from this
chain, the algorithm performs a Monte Carlo estimation of each
site’s posterior marginal by recording the fraction of iterations
in which the site under consideration assumes a specified
class label. That is, M-MCMC performs density estimation via
histogramming.
Though M-MCMC yields estimates that are sufficiently accurate for MPM estimation, they are inadequate for WMPM estimation. By inadequate we mean the following: changes in the
class-specific weights (inherent in the WMPM cost function)
often do not produce the expected changes in classifier performance. From a practical perspective, this manifests as a severe
reduction in the number of attainable operating points. For example, if the goal were to set classifier sensitivity with respect
to a specified class to 90%, we might find that the corresponding
operating point—or any operating point close to it—would not
exist. The reasons for this will be discussed later in the paper.
To more accurately estimate the posterior marginals we suggest an equally simple, but far more effective extension of the
MCMC method (E-MCMC) that performs a Monte Carlo averaging of conditional densities drawn from multiple, statistically independent Markov chains. Averaging over the functional
forms of the conditional distributions produces more accurate
density estimates than averaging over the actual samples themselves [24], [25]. Using multiple Markov chains increases the
robustness of the estimates to the presence of multiple modes
in the MRF distribution [26]. Incorporating these strategies enhances the fidelity of the estimates, yielding a far greater number
of operating points and increasing overall classifier accuracy.
In summary, the contributions of this paper are as follows.
• We generalize the MPM cost function, incorporating classspecific weights, and thus providing a means for varying
MRF-based classifier performance. That is, whereas the
MPM cost function weights each misclassification equally,
the WMPM cost function assigns class-specific penalties.

IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 30, NO. 7, JULY 2011

• To obtain estimates of the posterior marginals that are
sufficiently accurate for WMPM estimation we present
E-MCMC, an extension of the MCMC algorithm introduced in [18] that performs Monte Carlo averaging of
conditional densities drawn from multiple, statistically
independent Markov chains.
To illustrate the benefits of WMPM, we integrate it into
our MRF-based classification system1 for detecting cancerous
glands on digitized (whole-mount or quarter) histological
sections from radical prostatectomies [14]. Over a cohort
of 27 images from 10 patient studies, we demonstrate how
WMPM can be used to vary classifier performance, enabling
the construction of receiver operator characteristic (ROC)
curves. Additionally, we compare the abilities of E-MCMC
and M-MCMC to estimate the posterior marginal distributions
by contrasting the resulting ROC curves produced by WMPM
using both techniques. Assuming an equal number of iterations
for both methods, the most pertinent results are as follows: 1)
E-MCMC yields ROC curves with several orders of magnitude
more operating points than those produced with M-MCMC, 2)
E-MCMC allows the choice of virtually any true (or false) positive rate (within [0,1]), while M-MCMC restricts these rates
to small subintervals of [0,1], and 3) E-MCMC outperforms
M-MCMC in terms of classification accuracy.
The remainder of the paper is organized as follows. In Section II we review the Bayesian estimation of MRFs, derive the
MPM estimation criteria, and describe the M-MCMC method
for estimating the posterior marginals. Section III introduces
WMPM estimation and E-MCMC. In Section IV we demonstrate the utility of WMPM and E-MCMC by integrating them
into our system for detecting prostate cancer on digitized histological sections. In Section V we discuss our findings and
present our concluding remarks.
II. REVIEW OF MARKOV RANDOM FIELDS AND MAXIMUM
POSTERIOR MARGINAL ESTIMATION
A. Markov Random Field Definitions and Notation
Let the set
sified. Each site

reference
sites to be clashas two associated random variables:
indicating its state (class) and
representing its -dimensional feature vector. Particand
are denoted by the lowercase variular instances of
ables
and
. Let
and
refer to all random variables
and
in aggregate. The state spaces of
and
are the Cartesian
and
. Instances of
and
are deproducts
noted by the lowercase variables
and
. See Table I for a list and
description of the commonly used notations and symbols in this
paper.
establish an undirected graph structure on
Let
the sites, where and are the vertices (sites) and edges, respectively. A neighborhood is the set containing all sites that
1Note that in [14] we did not use WMPM. We instead employed maximum
a posteriori estimation [2], which we implemented using iterated conditional
modes [9].
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TABLE I
LIST OF NOTATION AND SYMBOLS

share an edge with , i.e.,
.
is a probability measure defined over
then the
If
triplet
is called a random field. The random
is a Markov random field if its local conditional
field
probability density functions satisfy the Markov property:
,
where
,
, and
is the th element of
the set . Note that in places where it does not create ambiguity we will simplify the probabilistic notations by omitting
.
the random variables, e.g.,
Fig. 1. Algorithm for the Gibbs sampler.

B. Maximum Posterior Marginals (MPM) Cost Function
Given an observation of the feature vectors , we would
like to estimate the states . Bayesian estimation advocates sethat minimizes the conditional risk
lecting the estimate
(expected cost) [17]
(1)
where E indicates expected value and
is the cost of
selecting labels when the true labels are .
In [18] Marroquin et al. suggested the following cost
function:
(2)
This function counts the number of sites in that are labeled incorrectly, with each misclassification accruing an identical cost.
Inserting (2) into (1) yields

(3)
where
over

is the cardinality of the set . The distributions
are called the posterior marginals. Minimizing (3)
is equivalent to independently maximizing each of

these posterior marginals with respect to its corresponding .
Hence, this estimation criterion is termed maximum posterior
marginals (MPM). An exhaustive search for each optimal
is nearly always appropriate since
is usually small.
C. Estimating the Posterior Marginals
As can be seen from (3), MPM requires estimates of the posterior marginals
. Unfortunately, the range of
is
far too large to calculate them by the direct marginalization of
. However, it is possible to construct a Markov chain that
—and consequently
.
yields random samples of
Using these random samples, a Monte Carlo procedure can then
estimate the posterior marginals. Such a Markov chain Monte
Carlo (MCMC) approach was first proposed by Marroquin et
al. in [18]. Marroquin’s MCMC method, which we will abbreviate as M-MCMC, is now explained in greater detail.
Given each site’s conditional probability density function
, the Gibbs sampler [2] (see Fig. 1) generates a
with equilibrium distribution
Markov chain
, where
is a random variable indicating the state
of the chain at iteration . (See [27] for an excellent discussion of the Gibbs sampler.) The proportion of time the chain
spends—after reaching equilibrium—in any state is given by
, i.e., each
represents a sample from the distribution
. The convergence to
is independent of the
can be selected
starting conditions [28]; and consequently,
at random from . Determining the number of iterations
needed for the Markov chain to reach equilibrium—called the
burn-in period—is difficult, and depends upon the particular
and the initial conditions . Usually the
distribution
burn-in period is selected empirically.
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Note that in practice the computation of
in
Step 6 (Fig. 1) is straight-forward. Consider that
reduces to
by consequence of the Markov
property and the typical assumption that the observaare conditionally independent given their associtions
. Furthermore,
ated states, i.e.,
by Bayes law.
As previously stated, if a Markov chain has an equilibrium
, then the proportion of time the chain
distribution
. This implies that the
spends in any state is given by
fraction of time the specific site spends in state is given by
. Therefore, one method for estimating
is as
follows:
(4)
where is the discrete (Kronecker) delta function,
, and
is the number of iterations past equilibrium needed to accurately
. Thus, (4) simply records the number of times
estimate
assumes each of the
possible classes, and then normalizes
by the total number of recorded samples. That is, (4) performs
density estimation by histogramming. The value for , like ,
is typically chosen empirically.2
III. WEIGHTED MAXIMUM POSTERIOR MARGINALS
The MPM cost function weights each misclassification
equally. We now generalize this cost function, allowing misclassifications of certain classes to be penalized more heavily
than others. This creates a natural preference for specific classes
and, as previously mentioned, a means for adjusting classifier
performance.
A. Weighted Maximum Posterior Marginals (WMPM) Cost
Function
With MPM estimation each incorrect label
accrues an
identical cost of one, regardless of the true state . To penalize
incorrect estimates differently for different classes we propose
the following cost function:
(5)
indicates the
where the positive weighting function
cost of mislabeling site when its true label is . The expected
cost (risk) is found by inserting (5) into (1), yielding
(6)

(7)
Since the first term is not a function of , minimizing (6)
is equivalent to independently maximizing each of
over
with rethe weighted posterior marginals
spect to its corresponding
. Thus, weighted maximum
2Dubes

and Jain [29] refer to b and m as “magic” numbers.

posterior marginal (WMPM) estimation advocates choosing
that individually maximizes
the
for all
. As with MPM, an exhaustive
search for each
is appropriate since
is typically small.
B. Estimating the Posterior Marginals Using an Extended
MCMC (E-MCMC) Method
WMPM, like MPM, requires estimates of the posterior
marginals
. Unfortunately, certain limitations (discussed below) inherent in M-MCMC render it inappropriate for
WMPM estimation. Accordingly, we present an extension of
M-MCMC (E-MCMC) that mitigates these limitations.
M-MCMC suffers from two major deficiencies. First, it is
not robust to poorly-mixing chains. Consecutive samples in a
simulated Markov chain generally exhibit high autocorrelations.
This is not surprising as the Gibbs sampler generates sample
from
. The autocorrelation can become problematic
if
is multimodal. In this event the Gibbs sampler can become trapped in a single mode—typically the mode closest to
the initial starting point —for a large number of iterations,
.
and the resulting samples will not accurately reflect
Such a chain is said to be poorly-mixing.
50 grid of pixels whose
For example, consider a 50
is defined by the Potts [30] model (see Apdistribution
and . Note that in
pendix B) with the two possible classes
this example we have no observations . The Gibbs sampler
by constructing a
can be used to generate samples from
with equilibrium distribution
Markov chain
. Fig. 2(a) illustrates sample
( is white). Fig. 2(b)
illustrates sample
. Notice the similarity between the samin their
ples despite the large difference
iteration indices. This suggests that the chain is poorly-mixing,
and that the Markov chain has likely become stuck in a mode
. Assuming
samples and a burn-in period
of
, Fig. 2(c) illustrates the estimates of the posterior
of
using M-MCMC. The resulting
marginals
estimates, which clearly reflect the samples shown in Fig. 2(a)
and (b), are quite different from the true posterior marginals:
for all
[see Fig. 2(e)]. Note that
the value 1/2 follows from the symmetry or exchangeability
is symmetric with respect to
argument [31]. That is,
and , and exchanging their roles would not alter their
respective probabilities. Therefore, their probabilities must be
equal. (See Appendix B for further insight into the symmetry
.)
of the Potts prior
The second deficiency associated with M-MCMC is the reso. That
lution of the probability estimates, which is limited to
is, M-MCMC yields probability estimates that must be elements
. This is easily seen from (4).
of the set
Thus, two probabilities separated by less than
may not be
distinguishable. Furthermore, the total number of unique prob. As we will see in Section IV, the
abilities is bounded by
number of unique probabilities determines the number of possible operating points.
We can rectify both deficiencies by extending M-MCMC.
First, to improve the robustness with respect to multimodal distributions, (4) can be extended to sample over multiple chains,
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Fig. 2. (a) Sample of Potts distribution (
and 8-connected neighborhood) with binary classes ! (white) and ! (black) generated by Gibbs sampler at
. (b) Sample of binary Potts distribution generated by Gibbs sampler at iteration k
. (c) Estimate of posterior marginals using M-MCMC
iteration k
with b
. (d) Estimate of posterior marginals using E-MCMC with b
, and c
and m
. (e) The true posterior marginals are
,m
P X
!
= for all s 2 S . Note that E-MCMC (d) yielded more accurate estimates of the true marginals (e) than did M-MCMC (c).

= 201
= 200
= 3400
( = )=1 2

= 3600
= 200 = 25

with each chain initialized to a random state in to ensure statistical independence (between chains) [26]. Second, to improve
directly from samthe resolution, instead of estimating
as in (4), we can leverage the following result [24],
ples of
[25]:

(8)
Equation (8) states that the marginal distribution
is
.
the expected value of the random function
, the result is a
Since the expectation is with respect to
distribution. Summarizing, the marginal distribution
of
can be found by averaging the function
over all the possible states of
. Note that under the typical
and the conditional indeassumptions of the Markovity of
pendence of the observations , the distribution
reduces to
and
simplifies to
.
Incorporating multiple Markov chains along with the result
from (8) into (4) yields our extended (and Rao–Blackwellized
[32]) MCMC method (E-MCMC)
(9)
where is the total number of Markov chains and
are the
states of all sites except in Markov chain at iteration . By
averaging over the functional forms
—instead of
the samples themselves as in (4)—E-MCMC eliminates the previous issue of resolution. To see this consider the following: 1)
in (9) updates our
a single functional “sample”

= 16

for all possible states of
, and not
estimate of
as with (4) and 2) the degree of conjust for the current state
is not fixed at
as in (4), but instead
tribution to
varies according to the value of
. From a practical
perspective, averaging over the functional forms of the condisignificantly
tional probability density functions
increases the number of unique probabilities as compared to averaging over the samples themselves; this is important since, as
mentioned previously, the number of operating points is determined by the number of unique probabilities.
contain more inIn general, the distributions
than the individual samples
, and
formation about
consequently yield more accurate estimates [24], [25]. Note that
for poorly-mixing chains, extracting more than a single sample
) provides little benefit (since the samper chain (i.e.,
ples are highly dependent). Nonetheless, for certain chains and
values of it can be advantageous [27]. Also, some researchers
have suggested that, depending on the burn-in period and the autocorrelation between samples in the chain, a single long chain
may be more effective per sample than several shorter chains
in certain circumstances [33], [34]. However, with the ubiquity
of multiprocessor machines—each chain can be executed on a
separate processor—such circumstances are becoming exceedingly rare.
It is insightful to return to the previous example in Fig. 2
and apply E-MCMC. The resulting estimates of the posterior
(with
,
, and
)
marginals
are illustrated in Fig. 2(d). Note that though M-MCMC and
E-MCMC used the identical number of iterations
, E-MCMC generated much more accurate estimates of the true marginals [Fig. 2(e)] than did M-MCMC
[Fig. 2(c)].

1358

IEEE TRANSACTIONS ON MEDICAL IMAGING, VOL. 30, NO. 7, JULY 2011

Fig. 3. (a) H&E stained whole-mount prostate histology section; black ink mark indicates “ground-truth” of CaP extent as delineated by a pathologist. (b) Result
of automated gland segmentation [14]. (c) Magnified view of white box in (b). (d) Green dots indicate the centroids of those glands labeled as malignant.

IV. EXPERIMENTAL RESULTS: DETECTION OF PROSTATE
CANCER ON HISTOLOGICAL SECTIONS
In this section we incorporate WMPM into our MRF-based
classification system for detecting carcinoma of the prostate
(CaP) in (whole-mount or quarter) histological sections (HSs)
from radical prostatectomies (RPs). Specifically, we show that
by varying the class-specific weights inherent in the WMPM
estimation criteria, we can arbitrarily adjust the detection sensitivity/specificity and generate receiver operator characteristic
(ROC) curves. Additionally, we illustrate the advantages of the
using E-MCMC instead of M-MCMC to estimate the requisite
posterior marginals.
A. System Description
The analysis of histological sections from RPs plays a significant role in the diagnosis and treatment of prostate cancer.
The most salient information in these HSs is derived from the
morphology and architecture of the glandular structures. Since
complex tasks such as Gleason grading [35]–[37] consider only
the cancerous glands, an initial process capable of rapidly identifying these glands is highly desirable. In [14] we introduced
an automated system for detecting CaP glands in Hematoxlyn
and Eosin (H&E) stained tissue sections. The primary goal of
this system is to eliminate regions that are not likely to be cancerous, thereby reducing the computational load of further, more
sophisticated analyses. Consequently, in a clinical setting the algorithm should operate at a high detection sensitivity, ensuring
that very little CaP is discarded.
It is important to mention that in [14] our CaP detection
system did not use WMPM. It instead employed MAP estimation [2], implemented using iterated conditional modes (ICM)
[9], a deterministic analogue of the Gibbs sampler. To adjust
classifier performance we modified the single element clique
potentials of the Markov prior, extending an idea first proposed
by Comer et al. [19] (see Monaco et al. [13]). However, this
approach requires rerunning ICM with every adjustment of the
potentials; and consequently, generating a dense ROC curve in a
reasonable amount of time is difficult. Thus, we were motivated
to develop WMPM, since adjusting classifier performance via
WMPM only requires comparing the appropriately weighted
posterior marginal probabilities—a very rapid operation.
Fig. 3(a) illustrates a prostate HS from a RP specimen. The
black lines indicate the spatial extent of CaP as delineated
by a pathologist (and verified by a second pathologist). The

numerous white regions are the glands—cavities in the tissue
through which fluid flows—which our system automatically
identifies and segments. Fig. 3(b) illustrates the segmented
gland boundaries in blue. Fig. 3(c) provides a magnified view
of the white box in Fig. 3(b). Following gland segmentation,
the algorithm measures the area of each gland. Since malignant
glands tend to be smaller than benign glands [38], this is a
discriminative feature. Furthermore, malignant (benign) glands
tend to proximate other malignant (benign) glands; this is
modeled using a Markov prior. The WMPM classifier leverages
these properties to label each gland as either malignant or benign. Fig. 3(d) illustrates the centroids of those glands labeled
as malignant.
We now formally express this CaP detection problem using
the MRF nomenclature established in Section II-A. Let the set
reference the segmented glands in a HS.
, where
Each site has an associated state
and
indicate malignancy and benignity, respectively.
indicates the area of gland . All
The random variable
feature vectors
are assumed conditionally independent and
identically distributed (i.i.d.) given their corresponding states,
. Each conditional distribution
i.e.,
is modeled parametrically using a mixture of Gamma
distributions [14]; these distributions are fit from training
samples using maximum likelihood estimation. The tendency
for neighboring glands to share the same label is incorporated
modeled using a probabilistic
with a Markov prior
pairwise Markov model (PPMM) [14]; the PPMM is trained
using maximum pseudo-likelihood estimation (MPLE) [9].
See Appendix C for a discussion of PPMMs. Two glands are
considered neighbors if the distance between their centroids is
less than 0.9 mm.
B. Preliminaries
The dataset consists of 27 digitized H&E stained histological sections from RPs obtained from 10 patients. The HSs primarily contain CaP with Gleason scores ranging from 6 to 8.
All specimens were digitized at 40 magnification (0.25
per pixel) using an Aperio whole-slide digital scanner. A single
pathologist then annotated the spatial extent of CaP on each digitized specimen, thus establishing the “ground truth” for classifier evaluation. (Note, all annotations were reviewed by a second
pathologist.) An example annotation is shown in Fig. 3(a); the
black line delineating CaP extent is overlaid on the image, and
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Fig. 4. (a)–(c) ROC curves using M-MCMC with
2 f80 1280 20480g iterations. The dashed lines in (a)–(c) indicate the minimum TPR and FPR. (d) Plot
of the minimum TPRs and FPRs using M-MCMC as a function of the number of iterations .

m

was not present during processing. The Aperio scanner creates
a multiresolution image pyramid for each digitized HS. The detection system processes the single image in this pyramid whose
. This resolution is 1/32 of that available to
pixel width is 8
the pathologist during annotation.
To assess performance we define the following: true positives (TP) are those segmented glands identified as cancerous
by both the expert-provided “ground-truth”3 and the automated
system, true negatives (TN) are those segmented glands identified as benign by both the truth and the automated system, false
positives (FP) are those segmented glands identified as benign
by the truth and malignant by the automated system, and false
negatives (FN) are those segmented glands identified as malignant by the truth and benign by the automated system. The true
positive rate (TPR) and false positive rate (FPR) are given by
TP/(TP+FN) and FP/(TN+FP), respectively. Note that the TPR
and FPR are synonymous with the sensitivity and one minus the
specificity, respectively.
if
WMPM classifies glands as follows: gland belongs to
, where
is the posterior marginal of gland estimated using either
M-MCMC or E-MCMC. More intuitively, pixel is classified
if
, where the threshold
is
as
(10)
We can generate a ROC curve by varying from 0 to 1, measuring the aggregate TP, FP, FN, and TN across all images, and
then computing the TPR and FPR.
The following statements hold for all subsequent experfor each Markov chain is
iments: 1) the initial labeling
drawn randomly from a uniform distribution over , 2) the
training/testing datasets are determined by leave-one-out
cross-validation, and 3) each Markov chain employs a burn-in
iterations (which was chosen empirically).
period of
C. Experiment I: Quantitative Comparison of ROC Curves
Using M-MCMC and E-MCMC
In the first experiment we compare the ROC curves
generated by WMPM using M-MCMC and E-MCMC.
Fig. 4(a)–(c) illustrate the ROC curves for M-MCMC with
iterations. As discussed previously,
3Note that a segmented gland is considered cancerous with respect to the
“ground-truth” if its centroid lies within a expert-provided CaP delineation.

Fig. 5. ROC curve using E-MCMC with
Markov chain (i.e., = 1).

c

m

= 10 iterations and a single

M-MCMC yields probability estimates whose resolution is
. This manifests as a restriction upon the ranges
limited to
of achievable TPRs and FPRs, and an upper bound of
on the total number of operating points. The dashed lines in
Fig. 4(a)–(c) indicate the minimum possible TPR and FPR
in each ROC curve. Fig. 4(d) plots these minimum rates as
a function of the number of iterations . The relationship
is approximately log-linear. For example, reducing the true
positive rate by 0.05 requires doubling the number of iterations.
If this trend continues, then generating an ROC curve that extends to the origin would require over 83 million samples, and
approximately half a year of processing time (estimates assume
running our program on a 2.66 GHz Intel Xeon processor).
Fig. 5 illustrates the ROC curve using E-MCMC with
iterations and
chains. Thus, even when using a single
chain with only ten iterations, the resultant ROC curve is so
densely populated that it appears continuous. Specifically, we
have the following statistics: 1) the minimum and maximum
and
, 2) the
TPRs (besides 0 and 1) are
and
,
minimum and maximum FPRs are
3) 92 070 of the 94 999 total posterior marginal probabilities
(i.e., there are 94 999 segmented glands across all 27 images) are
unique, and 4) the maximum difference between TPRs (FPRs)
measured at consecutive operating points is
.
D. Experiment II: Qualitative Results of CaP Detection on
Histological Sections Using M-MCMC and E-MCMC
The previous experiment demonstrated that using M-MCMC
to estimate the posterior marginals limited the range of pos-
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m = 150 b = 10
0:999; 0:5; 0:01

m = 10 b = 10 c = 8
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Fig. 6. (a), (e) ROC curves of CaP detection system on HSs using M-MCMC (
and
) and E-MCMC (
). (b)–(d) Cen,
, and
g. Corresponding system performances at these values are
troids of the glands (green dots) labeled as malignant using M-MCMC for 2 f
indicated by the hollow black circles in (a). (f)–(h) Centroids of the glands labeled as malignant using E-MCMC for 2 f
g. Corresponding
system performances at these values are indicated by the hollow black circles in (e). Note that even at the lowest (nonzero) FPR, WMPM using M-MCMC still
misclassifies a considerable number of benign glands. By contrast, WMPM using E-MCMC demonstrates the existence of an operating point at which the system
detects the majority of the cancerous glands while incurring almost no false positives.

T

T

sible sensitivities/specificities of our MRF-based CaP detection
system. The current experiment qualitatively depicts the practical impact of this limitation by illustrating detection results at
different operating points. For comparison, we provide these results alternately using M-MCMC and E-MCMC to estimate the
posterior marginals.
To ensure a fair evaluation, we confine both M-MCMC (
,
) and E-MCMC (
,
, and
)
to an identical number of MCMC iterations
. The choice of 160 is reasonable since processing this number of iterations requires approximately one
minute (leaving sufficient time for the remainder of the detection
process). The selection of eight chains for E-MCMC reflects the
fact that our computer has eight processors, and each chain can
be processed in parallel. Thus, E-MCMC can actually estimate
the marginals eight times faster than M-MCMC.
Fig. 6(a) and (e) provides plots of the ROC curves when employing M-MCMC and E-MCMC, respectively. The remaining
subfigures in Fig. 6 provide qualitative examples of the final
classification results for these MCMC methods at three different
thresholds . The green dots indicate the centroids of those
glands labeled as malignant. The system performances associated with the thresholds are indicated with black circles on
the corresponding ROC curves.
Again, M-MCMC restricts the number of possible TPRs and
FPRs, diminishing the benefit of using WMPM. Specifically,

Fig. 6(a) illustrates that even at the lowest (nonzero) FPR,
WMPM still misclassifies a considerable number of benign
glands as malignant. By contrast, Fig. 6(e) (using E-MCMC)
demonstrates the existence of an operating point at which the
system detects the majority of the cancerous glands while
incurring almost no false positives. This operating point is not
available with M-MCMC.
E. Experiment III: Comparison of Classifier Performance
Using M-MCMC and E-MCMC
In the final experiment we demonstrate that using WMPM
with E-MCMC as compared to M-MCMC yields superior classifier performance for any reasonable number of iterations .
We also show that when employing E-MCMC, increasing the
number of chains is a more effective means for enhancing performance than increasing the number of iterations .
and iteraFor number of chains
we use E-MCMC to generate
tions
ROC curves over 10 leave-one-out cross-validation trials. (Since
E-MCMC is a stochastic algorithm, each execution produces
different results.) The area under the ROC curve (AUC) is calculated for each curve. Linear interpolation is used to make the
curves continuous for integration. From each set of 10 AUCs we
and the standard deviation. Fig. 7(a)
measure the mean
for
numbers of iteraplots
chains. Fig. 7(b) plots
tions, using a constant number of
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Fig. 7. (a) Mean AUCs (dashed line with dots) for gland detection system using
E-MCMC with (a) c
and m 2 f ; ; ; ;
g and (b) m
and
c 2 f ; ; ; ; ; ; g from 10 leave-one-out cross-validation trials over
27 images from 10 patient studies. The error bars in both figures indicate the
standard deviations of the measurements. Increasing the number of iterations
provides no statistically significant improvement in mean AUC. Each increase
in the number of chains from 1 to 32 does result in a statistically significant
improvement in mean AUC. The dotted lines in both (a) and (b) illustrate the
mean AUC for M-MCMC with m
. Each mean AUC resulting from
E-MCMC is significantly greater than the mean AUC using M-MCMC.

=8
1 2 4 8 16 32 64

10 20 40 80 160

= 10

= 20480

for
numbers of chains, but
iterations. The error bars in
with a constant number of
Fig. 7(a) and (b) indicates the standard deviations.
Measuring statistical significance using a paired t-test with
a significance level of 0.01, we can conclude the following: 1)
for any number of iterations
the difference
is not statistically
significant under the null hypothesis that
, 2) if
and
the number of Markov chains
, then the difference
is sta,
tistically significant under the null hypothesis that
is not staand 3) the difference
tistically significant under the null hypothesis that
.
It is worth recapitulating these statements regarding E-MCMC
less formally: 1) increasing the number of samples results in
no statistically significant difference in the mean AUC, 2) each
increase in the number of chains from 1 to 32 results in a statistically significant increase in mean AUC, and 3) increasing the
number of chains beyond 32 offers no improvement in mean
AUC.
to generate
Similarly, we use M-MCMC with
ROC curves over 10 leave-one-out cross-validation trials. We
then calculate the mean and standard deviation of the resulting
AUCs. The dotted lines in Fig. 7(a) and (b) illustrate the mean
. (Note that these lines
AUC for M-MCMC with
are not functions of .) The error bars indicate the standard deviations. Note that each mean AUC resulting from E-MCMC is
greater than the mean AUC using M-MCMC (by margins that
are statistically significant). This is a remarkable result since
M-MCMC leverages far more samples , and requires many
.
more total MCMC iterations
With E-MCMC, increasing the number of chains is a more
effective means of improving classifier performance than increasing the number of iterations. This is not surprising since
each additional chain introduces a truly independent sample.
Samples within the same chain are only independent when there
is a sufficient number of iterations separating them. Since increasing the number of samples in a single chain [Fig. 7(a)]
did not improve classification performance, it appears in this
instance that the necessary separation is extremely large.

1361

On a final note, since M-MCMC can yield sparsely sampled ROC curves over certain FPRs, one might inquire as
to the validity of using AUCs to compare the classification
performances of E-MCMC and M-MCMC. Let us explore this
question in greater detail. The construction of ROC curves
using finite datasets necessarily results in discrete operating
points (paired sensitivities/specificities), and not continuous
curves. The “underlying” continuous ROC curves—which
are required for calculating the AUCs—must be interpolated.
Therefore, any evaluation of performance using AUCs presupposes this interpolation is sufficiently accurate. The dense
curves produced by E-MCMC [see Fig. 5 and Fig. 6(e)] seem
more than adequate for such interpolation. However, even
, M-MCMC [see Fig. 4(c)] yields operating
with
points that are relatively sparse near the origin. Thus, linear
interpolation might underestimate the true curve, and thus
unfairly disadvantage the AUC (during comparison). Though
we believe that any error in AUC estimation is negligible, we
provide further evidence substantiating the superior performance of E-MCMC over M-MCMC. Instead of considering
the entire ROC curve, we examine the TPRs of both M-MCMC
and E-MCMC (
,
) at three FPRs (0.25, 0.3, and 0.35) near which
M-MCMC yields a dense sampling. Fig. 8 plots the mean
and standard deviation of the resulting TPRs measured over
the 10 leave-one-out cross-validation trials. As expected, the
mean TPRs of E-MCMC—regardless of the number of chains
—exceed those of M-MCMC by margins that are statistically
significant (using a paired t-test with a significance level of
0.02).
V. CONCLUDING REMARKS
The ability to adjust classifier performance (sensitivity/specificity) with respect to each class is essential for a variety of applications. Unfortunately, most MRF-based classifiers use estimation criteria such as maximum posterior marginals (MPM) and
maximum a posteriori (MAP) [2] estimation that restrict their
performance to a single, static operating point. To address this
problem we introduced WMPM, an extension of MPM that allows for adjusting classifier performance by incorporating classspecific weighting into the MPM cost function. That is, whereas
the MPM cost function weights each misclassification equally,
WMPM provides class-specific penalties.
Ultimately, WMPM estimation reduces to the selection (at
each site) of the class that maximizes that site’s weighted
posterior marginal distribution. Interestingly, this solution is
analogous to the familiar means for varying the performance
of univariate Bayesian systems—or multivariate systems with
statistically independent variables: at each site the a posteriori probability associated with each class is appropriately
weighted, and then the class with the greatest weighted probability is chosen. In the two-class case this reduces to the
familiar thresholding. The analogous methodology for MRFs
(i.e., WMPM) replaces the a posteriori probabilities with the
posterior marginal probabilities.
The most complex aspect of both WMPM and MPM results
from the need to estimate the posterior marginals. However,
WMPM requires more accurate estimates of the posterior
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Fig. 8. Mean TPRs for gland detection system using E-MCMC (dashed line with dots) and M-MCMC (dotted line) at FPRs of 0.25, 0.3, and 0.35 from 10
leave-one-out cross-validation trials over 27 images from 10 patient studies. The error bars indicate the standard deviations of the measurements. For a given FPR,
each mean TPR resulting from E-MCMC, regardless of the number of chains c, is significantly greater than the mean TPR using M-MCMC. Note that E-MCMC
and m
iterations, respectively.
and M-MCMC use m

= 10

= 20480

marginals than MPM, and unfortunately the prevalent Markov
chain Monte Carlo estimation method proposed by Marroquin
et al. for use with MPM is inadequate for WMPM. Consequently, we presented E-MCMC, an extension of Marroquin’s
MCMC method that 1) samples over multiple chains instead of
a single chain and 2) uses an ensemble average of conditional
probability density functions instead of averaging over the
Monte Carlo samples themselves.
We validated the efficacy of WMPM and E-MCMC by
incorporating them into our automated system for detecting
cancerous glands on digitized histological sections from radical
prostatectomies [14]. Assuming a similar number of iterations
for both M-MCMC and E-MCMC we observed the following:
1) E-MCMC yielded ROC curves with several orders of
magnitude more operating points than those of M-MCMC,
2) E-MCMC allowed (virtually) any choice of true and false
positive rates in [0,1], while M-MCMC confined these rates to
much smaller subintervals, and 3) E-MCMC produced superior
classification accuracy than M-MCMC as measured by area
under the ROC curve.
To our knowledge the only previously reported means for adjusting the performance of MRF-based classifiers was to modify
the single element clique potentials of the Markov prior [19]. In
fact, our cancer detection system reported in [14] applied an extension of this methodology [13] to adjust the operating point
of the MAP estimate. Unfortunately, this approach necessitates
reperforming a complex MAP estimation procedure (e.g., relaxation procedures [2], [9], loopy belief propagation [39], or
graph cuts [40]) with every change in the clique potentials. By
contrast, modifying classifier performance with WMPM only
requires adjusting the weights, and then comparing the weighted
posterior marginals; the time-consuming step of estimating the
marginals need only be performed once.
Before concluding, it is worthwhile to briefly consider two
other techniques that could be used to vary the performance
of MRF-based classifiers. The first leverages a unique property
of iterated conditional modes (ICM), and was tangentially suggested in a seminal paper by Besag [9]. ICM is an iterative, deterministic procedure that converges to a local maximum of the
MAP probability of a MRF. ICM requires the initial state of the
MRF from which to begin the iteration; the choice of this state
determines the local maximum to which ICM converges. Thus,
varying the initial conditions can vary the classification results.

However, the different modes of the MAP probability (to which
ICM converges) do not necessarily correspond to meaningful
classifications in a Bayesian sense. That is, this method, though
perhaps intuitively appealing, seems to lack mathematical justification. The second possibility is to employ fuzzy MRFs [41],
[42]. In theory, thresholds could be applied to each site’s fuzzy
membership values, yielding different classifications. However,
fuzzy membership was intended to indicate the degree to which
a single site belongs to each of the possible classes (e.g., to account for partial volume effects), and not to reflect the probability of belonging to a specific class. Thus, constructing ROC
curves in this manner appears heuristic.
Finally, note that we elected to demonstrate WMPM using
an application with two classes (cancer and benign) because
it simplifies presentation and comprehension while allowing
the construction of ROC curves. Additionally, any multiclass
problem can be decomposed into a series of binary class problems. Nonetheless, all the derivations and conclusions in this
paper are applicable to any number of classes.
APPENDIX
A. Gibbs Formulation
The connection between the Markov property and the joint
probability density function of
is revealed by the Hammersley–Clifford (Gibbs–Markov equivalence) theorem [43]. This
with
for
theorem states that a random field
satisfies the Markov property if, and only if, it can be
all
expressed as a Gibbs distribution
(11)
where
is the normalizing constant and are positive functions, called clique potentials, that
. A clique is any subset
depend only on those such that
of which constitutes a fully connected subgraph of ; the set
contains all possible cliques. Note that typically
is
too large to deterministically evaluate . The following reveals
the forms of the local conditional probability density functions:
(12)
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where

represents

and
. For proofs of Markov formulations and theorems, see Geman [44].

Gaussian MRFs notwithstanding, the Potts [30] Markov prior
, a multiclass generalization of the Ising automodel [45], is
the most prevalent MRF formulation. The potential functions of
the Potts model are pairwise. That is, only two-element cliques
yield values that are not identically one. The local conditional
probability density functions (and implicitly the potential functions) are defined as follows:
(13)
and

and
, under the caveat that
forms for
to ensure stationarity.

be symmetric
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is the normalizing constant that ensures
. Note that greater values of produce

“smoother” solutions.
C. Probabilistic Pairwise Markov Models
Before discussing probabilistic pairwise Markov models
(PPMMs), we must first introduce additional notation. As
discussed previously,
indicates the probability of event
. For instance,
and
signify the
and
. Note
probabilities of the events
that we simplified such notations in the paper—when it did
not cause ambiguity—by omitting the random variable, e.g.,
. We now introduce
, which indicates a
might
generic (discrete) probability function; for example,
and
are
be a uniform distribution. The notations
which indicates the probability
useful in differentiating
that
from
which refers to the probability
that a uniform random variable assumes the value .
Continuing, in place of potential functions (i.e., a Gibbs
formulation), PPMMs [14] formulate the local conditional
of an MRF
probability density functions (LCPDFs)
in terms of pairwise density functions, each of which models
the interaction between two neighboring sites. This formulation
facilitates the creation of relatively sophisticated LCPDFs
(and hence priors), increasing our ability to model complex
processes. Within the context of our CaP detection system,
we previously demonstrated the superiority of PPMMs over
the prevalent Potts model [14]. The PPMM formulation of the
LCPDFs is as follows:
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where the normalizing constant
ensures summation to
is the probability density function (PDF) describing
one,
the stationary site , and
represents the conditional PDF
and its
describing the pairwise relationship between site
neighboring site . The numbers 0 and 1 replace the letters
and to indicate that the probabilities are identical across
all sites, i.e., the MRF is stationary. Furthermore,
and
are related in the sense that they are a marginal and
, i.e.,
conditional distribution of the joint distribution
. We are free to choose any
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